I. INTRODUCTION AND SUMMARY
An object B, partially submerged in a liquid and moving along its surface, produces capillary-gravity waves which exert a wave drag R on B. See Fig. 1 . We calculate R when B moves with constant velocity U and is just slightly submerged. Then we indicate how to apply the result to an insect or other arthropod walking on water.
Our calculation applies to a liquid in potential flow with linearized boundary conditions and large values of the Froude number FϭU 2 /gL and the Weber number W ϭLU 2 /T. Here is the liquid density, T is the surface tension, g is the acceleration of gravity, and L is the scale length of B. We determine the wave pattern in both two dimensions ͑2D͒ and three dimensions ͑3D͒, and show that far from B it is the same as that produced by a moving pressure distribution concentrated along a line in 2D or at a point in 3D.
The total downward force P in 3D, or force P per unit length in 2D, exerted on the liquid by the equivalent pressure distribution, can be written as
Here C L is a lift coefficient which we find in terms of the body shape, 1 2 U 2 is the dynamic pressure, L 2 is the wetted area of B in 3D, and 2L is the wetted area per unit length in 2D. This downward force must be exerted on B by some external influence, and it is balanced by the lift force exerted on B by the liquid.
R for a moving concentrated pressure distribution was calculated by Raphael and de Gennes.
1 Their result in 3D is, when FWӷ1,
͑1.3͒
Their 2D result is, when Fӷ1 and Wӷ1,
We use ͑1.1͒ for P in ͑1.3͒ for R to get the 3D result
C L is given by ͑5.13͒ for a 3D object with a circular waterline. In 2D we use ͑1.2͒ for P in ͑1.4͒ to get
For a 2D object C L is given by ͑3.14͒. In addition to the lift force P due to dynamic pressure, there are forces on B due to hydrostatic pressure and due to surface tension acting at the waterline. When B is at rest, the resultant of the latter two forces is vertical, and it is just equal to the weight of the fluid displaced by B and by the meniscus ͑Keller 2 ͒. When B is moving, the waterline and these two forces change. To calculate this change requires a boundary layer solution in a neighborhood M of the waterline, which we shall not consider. Within M linearization about a horizontal surface will not be valid if the contact angle condition requires that the surface have a finite slope there.
Raphael and de Gennes 1 also found that Rϭ0 when U Ͻc min ϭ(4gT/)
, corresponding to FW/4Ͻ1, and that R ϭϱ at Uϭc min . Richard and Raphael 3 showed that including viscosity makes RϾ0 for UϽc min and makes R finite at Uϭc min . Shliomis and Steinberg 4 showed that even with T ϭ0, for a pressure distribution which extends to infinity in a special way, there is a critical velocity U c such that Rϭ0 for UϽU c .
In Sec. II we formulate the equivalent flow problem of a stationary object in a moving fluid. To solve it asymptotically when F and W are large, we introduce inner and outer asymptotic solutions. In Sec. III we find the 2D inner solution. In Sec. IV we give the 2D outer solution and match it to the inner solution found in Sec. III. Matching determines C L and P, which we use in ͑1.4͒ or ͑1.6͒ to get R in 2D. In Sec. V we find the 3D inner solution and determine C L and P. We use them in ͑1.3͒ or ͑1.5͒ to find R in 3D. In Sec. VI we discuss the application of the results to insects or other arthropods walking on water.
II. FORMULATION
We consider a stationary object B partially submerged in a fluid which is in steady potential flow. Far from the object, the fluid has the velocity ϪU parallel to the x axis, and its surface is zϭ0. We write the potential as UL͓(x,y,z) Ϫx͔ where L, the half-length of B along the x axis, is the unit of length. The fluid is bounded above by the surface of B, zϭh(x,y), and by the free surface zϭ(x,y) outside B. It is convenient to denote by H the projection on the plane zϭ0 of the wetted surface of B, and by H C the rest of the plane, which is the projection of the free surface. The common boundary of H and H C is the projection on zϭ0 of the waterline, the neighborhood M of which contains the meniscus.
We assume that outside M both h(x,y) and (x,y) and their derivatives are sufficiently small that the boundary conditions can be linearized and imposed on the plane zϭ0. Then the equations satisfied by and there are ⌬ϭ0, zϽ0, ͑2.1͒
The solution must contain only outgoing waves, and must match with the solution in M, where these equations do not hold. In ͑2.4͒, FϭU 2 /gL is the Froude number and W ϭLU 2 /T is the Weber number. We shall solve this problem when both F and W are large. Then we keep only the leading term x in ͑2.4͒, omitting the terms in F Ϫ1 and W Ϫ1 , to obtain the simplified boundary condition
We call the solution of the problem with ͑2.6͒ replacing ͑2.4͒ the ''inner solution.'' It is the leading term in an asymptotic expansion with respect to F and W for F and W large. Since ͑2.6͒ does not involve , Eqs. ͑2.1͒, ͑2.2͒, ͑2.5͒, and ͑2.6͒ can be solved for and then can be found from by integrating ͑2.3͒. The inner solution can be constructed in the entire fluid region zр0 without the necessity of matching it to a boundary layer solution in M and without imposing the outgoing wave condition. This is so because ͑2.6͒ does not contain derivatives of , so no contact angle condition is required at the waterline, and ͑2.6͒ cannot support surface waves. Instead of the contact angle condition, it suffices to require the solution to have the weakest singularity at the waterline. Instead of the radiation or outgoing wave condition, it suffices to require that the velocity " tend to zero at infinity. These two requirements select a unique solution.
The inner solution does not contain surface waves, so it is not valid far from B, where the waves propagate. Therefore, we shall introduce another solution, which we call the ''outer solution,'' which is valid there but not valid near B.
Since it is not valid near B, we do not require that it satisfy the condition ͑2.2͒ on B. Instead, we introduce a dimensionless pressure distribution on the right-hand side of ͑2.4͒ to produce the waves contained in the outer solution. This pressure distribution, which is unknown, depends upon F and W. We assume that it can be expanded asymptotically in F and W for F and W large, and we denote by p(x,y) the leading term in it. To determine p(x,y) we require that the outer solution match with the inner solution at some intermediate distance from B where both are valid.
The problem for the leading term in the outer solution is obtained by replacing ͑2.2͒ and ͑2.4͒ by the single equation
The radiation condition must still hold, but there is no condition at B. We can eliminate by taking the x derivative of ͑2.7͒ and using ͑2.3͒ to replace x by z . Then ͑2.7͒ becomes
Now ͑2.1͒, ͑2.5͒, ͑2.8͒ and the radiation condition constitute a problem for alone. Then can be found from by integrating ͑2.3͒.
III. INNER SOLUTION IN TWO DIMENSIONS
We begin by considering a two dimensional body B with surface zϭh(x), and the corresponding two dimensional flow. The potential of the inner solution satisfies ͑2.1͒, ͑2.2͒, ͑2.6͒ and the condition "→0 at infinity. See Fig. 2 . It is convenient to set uϭ x , and to write these equations in terms of u: u xx ϩu zz ϭ0, zр0,
Since the wetted part of B has length 2L along the x axis, we have placed the origin at its midpoint. Then in the scaled variables it extends from xϭϪ1 to xϭϩ1. The solution u must tend to zero at infinity.
To solve for u we introduce the complex variable wϭx ϩiz and map the lower half of the w plane onto a half strip in the plane of ϭϩi by setting wϭsin . Then xϭsin cosh , zϭcos sinh .
͑3.4͒
In the -plane u(,) satisfies
͑3.7͒
The solution can be found by separation of variables as a sum of products of trigonometric functions of multiplied by functions of . The normalized functions of which satisfy 
͑3.8͒
From ͑3.6͒ we find that a n is given by
For nϭ1 we can simplify this integral since sin͓Ϫ(/2)͔ ϭϪcos . By using this, and setting sϭsin , we obtain
To find the behavior of u for x 2 ϩz 2 large, with z negative, we first invert ͑3.4͒ to get e ϳ1/2ͱx 2 ϩz 2 , cos ϳ͉z͉/ͱx 2 ϩz 2 , ͑3.11͒ sin ϳx/ͱx 2 ϩz 2 .
Then from ͑3.8͒ we have
͑3.12͒
The dimensionless dynamic pressure in the flow is, from the Bernoulli equation,
In the linear approximation, this pressure is just x ϭu. Therefore on B we have p͑x ͒ϭu͑ ,0͒ϭ ͚ nϭ1 ϱ a n sin ͫ n ͩ Ϫ 2 ͪͬ , xϭsin .
͑3.13͒
We can use p(x) in ͑2.7͒ to calculate the outer solution. We can also integrate ͑3.13͒ to get C L , the lift coefficient or total dimensionless dynamic lift force per unit length, on B. Since xϭsin on B and a 1 is given by ͑3.10͒, we obtain
͑3.14͒
Next from ͑2.3͒ we have x (x)ϭ z (x,0) so xx (x) ϭ xz (x,0)ϭu z (x,0). From ͑3.12͒ we get u z (x,0)ϳa 1 /2x 2 and therefore xx (x)ϳa 1 /2x 2 . Integrating yields x ϳϪa 1 /2x, where we have taken the constant of integration to be zero to make x (ϱ)ϭ0. Another integration gives ͑x ͒ϳϪ a 1 2 log͉x͉ϩA Ϯ .
͑3.15͒
The constant is A ϩ for xϾ0 and A Ϫ for xϽ0. This result shows clearly that the inner solution is not valid for large x since it yields a free surface which is unbounded at infinity.
IV. OUTER SOLUTION IN TWO DIMENSIONS
The outer solution, which satisfies ͑2.1͒, ͑2.5͒, ͑2.8͒ and the radiation condition, can be found for any p(x) by using the Fourier transform in x. For p(x)ϭ P␦(x), the surface (x) is given explicitly by Raphael and de Gennes.
1 In our notation it is ͑x ͒ϭ Ϫ2 P T͑k 2 Ϫk 1 ͒ sin k j xϩF͑x ͒, k j ϭk 1 for xϽ0, k j ϭk 2 for xϾ0.
͑4.1͒
The wave numbers k 1 and k 2 are defined by
͑4.2͒
Thus there are gravity waves with wave number k 1 ϳF
Ϫ1
downstream of B and capillary waves with wave number k 2 ϳW upstream of B. The nonoscillatory function F(x) is defined by
͑4.3͒
For W and F large, the integral in ͑4.3͒ can be evaluated asymptotically. The integral of the first term can be written as follows by setting m͉x͉ϭt, and then evaluated for k 1 small:
͑4.4͒
This result is obtained by evaluating the first integral, and noting that both the second and third integrals are finite when k 1 xϭ0. The integral of the second term can be estimated for ͉k 2 x͉ large by writing
We now combine ͑4.4͒ and ͑4.5͒ in ͑4.3͒ and use ͑4.2͒ for k 1 and k 2 to get T(k 2 Ϫk 1 )ϳTWϭU 2 L. Then ͑4.3͒ yields
͑4.6͒
Next we use ͑4.6͒ in ͑4.1͒ for (x), and compare the result with the inner solution ͑3.15͒. We see that the leading terms are both proportional to log͉x͉. The two coefficients of log͉x͉ are equal if P/(
This is exactly the negative of the lift coefficient C L given by ͑3.14͒. This analysis confirms that the pressure distribution P␦(x), with P the negative of the force on B due to dynamic pressure, produces an outer solution which matches the inner solution. Therefore this value of P can be used in ͑1.4͒, or C L given in ͑3.14͒ can be used in ͑1.6͒, to determine R, the wave drag per unit length of B:
͑4.8͒
By using P in ͑4.1͒ we find that the dimensionless amplitude of both the gravity and capillary waves is Ϫa 1 , so the actual amplitude is Ϫa 1 LϭL͐ Ϫ1 1 h xx (x)(1Ϫx 2 ) 1/2 dx.
V. INNER SOLUTION IN THREE DIMENSIONS
To find the inner solution for a three dimensional body B, we again set x ϭu in ͑2.1͒, ͑2.2͒, and ͑2.6͒ to get ⌬uϭ0, zϭ0, ͑5.1͒
In addition, u→0 at infinity. Now to facilitate solving this problem, we take the waterline projection to be the unit circle so that H is the unit disk. Then we introduce oblate spheroidal coordinates , , with the ranges (0,ϩϱ), (Ϫ1,0), and (0,2), related to x,y,z by
In these coordinates, Laplace's equation ͑5.1͒ is separable with product solutions ⌽() P()Q() and ͑5.2͒ and ͑5.3͒ become uϭ0 at ϭ0,
The function ⌽ is a linear combination of sin m and cos m, where m must be an integer to make ⌽ periodic with period 2. The function P is a linear combination of the associated Legendre functions P n m () and Q n m (). However, Q n m must be omitted because it is singular in the domain, and n must be an integer of the form nϭmϩ2l ϩ1,l ϭ0,1,... in order that P n m (0)ϭ0 as ͑5.5͒ requires. Finally, Q is a linear combination of P n m (i) and Q n m (i), but P n m (i) is singular at ϭϩϱ, so it must be omitted.
By combining these product solutions, we can write the general solution of ͑5.1͒ and ͑5.5͒, and the condition u→0 at infinity in the form
͑5.7͒
We have included the last factor for convenience. The derivative in it has the value
͑5.8͒
The product e Ϫim/2 Q mϩ2lϩ1 m (i) is real for у0. We substitute ͑5.7͒ into ͑5.6͒ to get
Here we have defined g(,) as the expression h xx in ͑5.9͒. By using the orthogonality of the trigonometric functions and of the associated Legendre functions in ͑5.9͒, we obtain
͑5.10͒
The factor m ϭ2 for mу1 and 0 ϭ1. With this determination of the coefficients the solution u(,,) is determined by ͑5.7͒. The expression ͑5.10͒ for A 00 can be simplified as follows, since P 1 0 ()ϭ:
͑5.11͒
The dimensionless dynamic pressure on the wetted surface of B is just u(0,,) for Ϫ1рр0, so it is given by ͑5.7͒ with ϭ0. By integrating it over this wetted surface, i.e., over the disk Ϫ1рр0, we get C L , the lift coefficient or dimensionless lift force. The area element is r dr d
The integration yields zero for all terms in the sum except the cosine terms with mϭ0. Then the remaining integrands are constants times P 2l ϩ1 0 (). The integral of each of these terms from ϭϪ1 to ϭ0 vanishes, except for the term with l ϭ0, which is Ϫ1/3. Thus we obtain
When we use ͑5.11͒ for A 00 in ͑5.12͒, we get
h xx ͑ x,y ͒͑ 1Ϫx 2 Ϫy 2 ͒ 1/2 dx dy.
͑5.13͒
The result ͑5.13͒ for C L can be used in ͑1.1͒ and ͑1.5͒ to determine P and R in 3D. We can also calculate u for x 2 ϩy 2 ϩz 2 ӷ1 from ͑5.7͒ by using the inversion of the coordinate transformation ͑5.4͒ to get
Therefore the leading term in ͑5.7͒ is that with l ϭmϭ0:
u͑x,y,z ͒ϳ 2A 00
͑5.15͒
We have verified that the outer solution, corresponding to the pressure P␦(x)␦(y), agrees asymptotically with ͑5.15͒ when
is given by ͑5.13͒.
VI. WALKING ON WATER
An insect or other arthropod walking on water is supported mainly by surface tension acting on its partly submerged legs. In walking, it keeps some of its legs fixed with respect to its body, and moves the others backward. Then it brings those legs forward, presumably lifting them to diminish drag. It repeats the process, moving the same or other legs backward. The propulsive force is provided by the resistance of the water to the backward motion of the backward moving legs. This must exceed the resistance of the water to the forward motion of the fixed legs, and to the forward motion of those legs being brought forward.
The total drag force on a moving leg is a sum RϩR f ϩR T where R is the wave-making drag, R f is the viscous drag, also called the drag due to skin friction, and R T is the drag due to surface tension. When Uрc min ϭ2 1/2 (gT/) 1/4 , where c min is the minimum phase velocity of capillarygravity waves, there are no waves so Rϭ0. As U increases above c min , R increases from zero and it is asymptotic to the expression in ͑1.5͒ when U is large. Thus the total drag is given by R f ϩR T for Uрc min , increases above this value as U increases above c min , and is asymptotic to the expression in ͑1.5͒ for large U because that expression increases faster than R f ϩR T .
Measurements of the total drag on the leg of the fisher spider were made by Suter et al. 5 for U ranging from zero to about 2c min . In walking, U ranges up to 3c min . They observed the presence of waves for UϾc min , but they were unable to measure their effect on the total drag. A calculation like the present one, valid for U up to about 2c min or 3c min , would be helpful in separating the total drag into its components.
